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Abstract: We analyse a mathematical model that describes HIV infection of CD4+ T cells. We are interested in the effect of a small
addition of infection on an equilibrium state. Using Rene Descartes’ theory of solutions, we show that if the so called basic
reproduction number Ro<1, the infection will eventually die out but if Ro >1, then the infection will lead to full blown AIDS, In either

case Ro is important in the eventual growth of the disease.
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1.0 Introduction
The Human Immunodeficiency Virus (HIV) mainly targets

a host’s CD$+T cells. Chronic HIV infection causes
gradual depletion of the CD4" T cells pool, and thus
progressively compromises the host’s immune response to
opportunistic infections leading to Acquire Immune
Deficiency Syndrome (AIDS). For this reason, the count of
CD4" T cells is a primary indicator used to measure
progression of HIV infection. In a normal person, the level
of CD4" T cells in peripheral blood is regulated at a level
between 800 and 1200 mm™. Several mathematicians have
proposed models to describe the vivo dynamics of T cell
and HIV interaction see [1, 4, 5, 6, 7 and 3]. In particular
Wang and Li [7] proposed the following model
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g?ﬁﬁitant production rate at which the body produces CD4" T
cells from precursor in the bone marrow and thymus,

o natural turnover rate of uninfected T cells,

r: rate at which T cells multiply through mitosis,

T: concentration of the susceptible CD4" T cells,

T max: maximum level of CD4+T cell concentration in the body,
T": the concentration of infected CD4+ T cells by HIV viruses,
V: free HIV virus particle in the blood,

B: natural turnover rate of infected T cells,

v: natural turnover rate of virus particles,

kVT: describes the incident of HIV infection of healthy CD4* T
cells where k>0 is the infection rate,

N: virus particle produced by infected CD4+ T cell during its
life time.

Perelson and Nelson [5] replaced equation (1.1) by

d—Tzs—aT -7 1—T— —kVT
dt T oo

And retained (1.2) and (1.3). This is due to the fact that the
global dynamics of (1.1)-(1.3) and (1.1), (1.2) and (1.4) have
not been fully established in literature. So the research goes on .

It on this basis that we are proposing the following model:

2.0 Mathematical Formulation
A model of HIV infection similar to (1.1) but using a

*

- T - .
logistic growth 1T 1—T— for infection CD4"T cells

max
is proposed in this paper. Thus the model is
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3.0 Method of Solution
3.1 Equilibria points

Let X :L—T, then (2.1) becomes
a—r

1277

shall state and prove new theorems that could be
derived from the theorems.
Theorem (Perron [1])

Let X = AX+ f (X, t) where the matrix A has
all eigenvalues with negative real parts. Let f be

real and continuous for small

| and t>0and f(x,t)=0|x|as|x| >0
uniformly in t, t>0.Then the zero solution of

dx rsT’ rXT™  kVs
—:—(a—l’)X+ — + —kVT® o .
dt (0{ - r)Tmax T . (a - r) X = Ax+ f (X, 1) is uniformly asymptotically
stable,
dT —kV S —kVX —,HT* Theorem (Descartes’ rule of sign [2])
dt oa—r a1 The number of positive zeros of polynomial with
dv @1 real coefficients is either equals to the number of
E =NgT -V variations in sign of the polynomial or less than
this by an even umber.
In matrix notation (3.1) becomes We are now in position to proceed to the theorem
d_X _( o— r) rs ks X TTheorem 3.y
dt (a - r)Tmax (“ - r) X N —kvX The zero solution of the infected free equilibrium
* max
dT _ 0 B ks T |+ _KVX is asymptotically stable if R,<I and if r<a.
dt (0! - l’) vV Otherwise the zero solution is unstable.
v 0 NS -y Theorem 3.2
dt The zero solution of the infected — free
equilibrium is unstable if R, >1.
) - ; ) Theorem 3.3
We now find equilibrium point by setting If then the equilibrium point A* is uniformly
dX dT° dv asymptotically stable
—— =——=——=0, ad solving the three Theorem 3.4
simultaneous equations. The system of equations Let n= p+ +y+—
yield two equilibria points KNT, .. ¥
A, =(0,0,0) and ksN ry ry
r,= L+ +7 |+| f+ 4
ksN —yor + yr 2 KNT, ... KNT, .,
KN(a—r
(a-r) _yr(ﬂTmax(a—r)Jrrs)
A (ksN —ya +y1)T, T (17 +KANT, )
yr+kT_Npg
r,=ksN| g+ LA
(ksN =y +yr)T, NS 3= KNT
(yr +KT . NJ) o
YT+ Kl e /4
- a—r)+rs
A, is infection free, while A" is the infection }/(’BT”‘“ ( ) ) ry +k BN
equilibrium. The basic replzoduction parameter R, ry+kpBNT. ., Trex
is defined by R, = L Let o =r. If BaT,,, +sr>prT . andrli>0,
7(05 - r) r2>0,r3>0, then the equilibrium point A*is uniformly

3.2 Nature of equilibrium points

We shall need the following theorems in the
analysis of the nature of the equilibria points. The
two theorems are already in the literature but we

asymptotically stable.

Theorem 3.5
Let ry>, rs>rg>0, then the infection equilibrium A* is
asymptotically stable
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max
Theorem 3.6

If R,>1and (SkNT,, +ry) >
KIN (BT (= T)+T5)

then A" is locally asymptotically stable
We now prove the theorems.
Proof of Theorem 3.1
By (2.1), the Jacobian matrix at A,

r, = ksN (ﬂ+ 7 }—

—(a—r) rs ks
(a—1)T, (a-T)

~ B ks
JA)=| 0O B (@=n)

0 NS -y

So the eigenvalues are given by

(—(a—r)—i)(f +(ﬁ+7)ﬂ+ﬂ7—(STf)]=o ie

(—(a=r)=2)(A*+(B+7)A+By(R,~1))=0
h=—(a-r)and 2*+(B+y)2+pr(R,~1)=0

Now £ >0,y >0,r>0.S0 if R, <1, the number of

variation in sign is zero. Hence all eigenvalues are negative.
Therefore A, is uniformly asymptotical stable.

Proof of Theorem 3.2
If Ro>1, from the proof of theorem 1,

A+(B+y)A+Br(R,-1)>0 >0,y >0,r>0

implies that the number of variations in sign is 1. So J (A,) has
a positive root. Hence A, is unstable.

Proof of Theorem 3.3
The Jacobian of the matrix of (2.1) at A* translated to the
origin is

ksN y _r

4 KNT... N

J(A = KBT o (kSN +ay —r1y) iy ya
(r7—kBNT,, )7 N

0 NGB  —y

KN (BT, (@ —1)+5T)

so if =0 then the eigenvalues
(r;/+ kﬂNTmaX)
kNs ry
are A =——— A =—fF— , A, = —v . The results
A Y 2 B KNT A Y

follow since all the eigenvalues are negative.

Proof of Theorem 3.4
Ifo=r, 1;>0,i=123and if SaT,, +Sr> Bri ., . then
J(A") translate to the origin is

ksN ry y
oy kNT., N
ksNr ry
yr+KANT - kNT_,
0 N g —y

The eigenvalues is obtained by satisfy
A%+ 2%1 + Ar, + 1, = 0 . The number of variation in signs

is zero. Clearly A=0 is not a solution if we replace A by -A. The
number of variation in sign is 3. Hence all the eigenvalues have
negative real parts. Hence A" is uniformly asymptotically
stable.

Proof of Theorem 3.5
The eigenvalues of J(A") translated to the origin satisfy

A%+ 2%1, + At + 1, = 0. 1fr,>0,r5>0 and rs>, then as in

theorem (3.4) all eigenvalues are negative and then A" is
asymptotically stable,

Proof of Theorem 3.6
If R, >1and (yr+pkNT )" >

. The eigenvalues are
rkN ( BT, (—1)+sr)
given by
A3+ /12r4 + A, +15=0. Clearly r,>0

ksN ry ry
+ +y |+ f+
}/ [ﬂ kNT ax 7) [ﬂ kNTmax jy

m
Now rs=

yr(ﬂTmaX(a—r)Hs)
T (r+kANT)

Sors>0

¥ (BKNT,, +17)° —kNyT (BT, (a—1)+rs)>0,
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2 Figure3:Graph of y(uninfected T cells), z(infected T
But 7(ﬂkNTmaX + rj/) + hence rs>0 cells),w(HIV virus) against time at r=0.8, 0=0.02,$=0.3,y=2.4

KNyr2 BT, (1+5) > kNyr BT, o

ry
kN — |-
T
;/(,HTmax(a—r)Jrrs) ry KN
7/r+kﬁNTmax T

max
=SkN S — Bya + Byr.
Now Ro>1 implies that SKN + yr > yax

Therefore r6>0. Hence A is locally asymptotically stable.
4.0. Numerical Solution
4.1 Numerical Solution of infection free equilibrium

Also rg=

4.2 Numerical Solution of infection equilibrium

Figure 4: Graph of y(uninfected T cells), z(infected T cells),
w(HIV virus) against time at r=0.05,0=0.02, $=0.3,y=2.4
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o / — Figure 5:Graph of y(uninfected T cells), z(infected T
/ cells),w(HIV virus) against time at =0.8, 0=0.02, $=0.3,y=2.4
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Figure 2: Graph of y(uninfected T cells), z(infected T cells),
w(HIV virus) against time at =0.05,0=0.02, p=0.3,y=2.4
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Figure 8: Graph of y(uninfected T cells), z(infected T cells),
W(HIV virus) against time at r=3,0=0.1, p=1.1,y=3.2
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Figure 6: Graph of y(uninfected T cells), z(infected T

cells),w(HIV virus) against time at =0.05,0=0.1, p=1.1,y=3.2
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Figure 7:Graph of y(uninfected T cells), z(infected T cells),
w(HIV virus) against time at r=0.8,0=0.1, f=1.1,y=3.2
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Figure 9: Graph of y(uninfected T cells), z(infected T
cells),w(HIV virus) against time at =10,0=0.1, p=1.1,y=3.2
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Figure 10: Graph of y(uninfected T cells), z(infected T cells),
W(HIV virus) against time at SacT,, +Sr= BrT .,

1=0.05,00.02,=0.3,y=2.4
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Figure 11:Graph of y(uninfected T cells), z(infected T
cells),w(HIV virus) against time at ST, +Sr= BrT .
r=0.8, a=0.02,p=0.3,y=2.4
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Figure 12: Graph of y(uninfected T cells), z(infected T cells),
W(HIV virus) against time at SacT,, +Sr=BrT .,
,=3,0=0.02,3=0.3,y=2.4
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HIV virus (w) got eradicated and uninfected T cells

increases.

6.0 Conclusion
In this paper, we modified an existing HIV/AIDS

model. We investigated the characteristic equation and
discussed the stability of equilibrium points that were not
previously considered.

We formulated stability theorems and lemma based on
Descartes’ rules of signs. These lemma and theorems allow
us to discuss the nature of stability of equilibria point when
no numerical values were given to the associated
parameters.

Figure 13:Graph of y(uninfected T cells), z(infected T cells),
W(HIV virus) against time at SacT,, +Sr=BrT .

,1=10,0=0.02,8=0.3,y=2.4
5.0 Discussion of Results

We solve existing characteristics equation numerically
using realistic values for the parameters and we interpreted

the graphs that resulted from the numerical solution.

The infection free equilibrium of (2.1) is stable if R,<1
and r< a. The infection free equilibrium (2.1) is unstable if

Ro.1. The infection equilibrium (2.1) is asymptotically
stable if ,BaTmaX +SIr = ﬂrTmaX . Also if o=r, the zero
solution of the infection equilibrium (2.1) is asymptotically
stable if SaT,,, +sr>BrT . . ri>0,,>0,r5>0. If
Ry>1,

(77 + BKNT, )" > rkN ( AT, (@ =T )+5r) then
the infection equilibrium (2.1) is locally asymptotically

stable.

Figure 1 shows the stability of infection free
equilibrium, in figures 2,3 and 4, at a(  turnover rate of
uninfected T cells) =0.02 , ,B(turnover rate of infected T
cells)=0.3 and y  turnover rate of virus particles)=2.4 as r
which is the rate at which T cell multiply through mitosis
increases the rate at which the virus infect the uninfected
T cells increases and the infected T cells increases, The
figures shows the instability nature of the infected
equilibrium, in figure 5 at a particular time, the infected T
cells (z) and virus kept on escalating at a constant rate. In
figures 6, 7, 8 and 9 as a , B and y are increased we
observed that the infection rate is increased. The graphs
also show the unstability nature of infection equilibrium.
While figures 10, 11, 12 1nd 13 show the asymptotic
behaviour of infection equilibrium as

paT . +sr=prT . . Inthese figures 10, 11, 12 and

13 as r increases the earlier the infection T cells (z) and
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The stability criteria showed that if drugs could be
procured to satisfy the criteria, we may be in a position to
stem the spread of AIDS.
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